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Abstract 

Let C be a unital AH-algebra and A be a unital simple C*-algebra with tracial rank 
zero. It has been shown that two unital monomorphisms 0, t/" : C — > A are approximately 
unitarily equivalent if and only if 

[0] = [tP] in KL{C, A) and r o = r o V' for all t e T{A), 

where T{A) is the tracial state space of A. In this paper we prove the following: Given 
K e KL{C,A) withK(ii'o(C)+\{0}) C Xo(A)+\{0} and with k([1c]) = [1^] and a continuous 
affine map A : T{A) 7f(C) which is compatible with k, where Tf{C) is the convex set of 
all faithful tracial states, there exists a unital monomorphism (/) : C A such that 

[(j)] — K and T o (/)(c) — A(t)(c) 

for all c e Cs.a. and t G T{A). Denote by Mon^„(C, ^) the set of approximate unitary 
equivalence classes of unital monomorphisms. We provide a bijective map 

A : Mon^JC, A) ^ KLT{C,A)++, 

where KLT{C, A)^^ is the set of compatible pairs of elements in KL{C, and continuous 

afhne maps from T{A) to Tf{C). 

Moreover, we realized that there are compact metric spaces X, unital simple AF-algebras 
A and K e KL{C{X),A) with k{Ko{C{X))+ \ {0}) C i^o(^)+ \ {0} for which there is no 
homomorphism h : C{X) A so that [h] = n. 

1 Introduction 

Recall that an AH-algebra is a C*-algebra which is an inductive limit of C*-algebras Cn, where 
Cn = PnMr{n){C{Xn))Pn for some finite CW complex Xn and projections P„ G M^(„)(C(X„)). 
Note that every unital separable commutative C*-algebra is an AH-algebra and every AF- 
algebra is an AH-algebra. It was shown in [IT] (see also Theorem 3.6 of |13] ) that two unital 
monomorphisms ^ : C — > A, where ^4 is a unital simple C*-algebra with tracial rank zero, 
are approximately unitarily equivalent if and only if 

[(/)] = [V'] and T o (f)[c) = T o Tp{c) 

for all c G Cs.a. and r G T{A). This result plays a role in the study of classification of amenable 
C*-algebras, or otherwise known as the Elliott program. It also has applications in the study of 
dynamical systems both classical and non-commutative ones (see [H]). It is desirable to know 
the range of the approximately unitary equivalence classes of monomorphisms from a unital 
AH-algebra C into a unital simple C*-algebra with tracial rank zero. For example, one may 
ask if given any k G KL{C, A) and any continuous affine map A : T(A) — > T(C) there exists a 
monomorphism (p such that [cp] = n and r o h{c) = A(r)(c) for all c G Cg.a. and r G T{A). 



When C is a finite CW complex, it was shown (see also a previous result of L. Li ^) in [10] 
that, for any k e KK{C,A) with k{Ko{C)+ \ {0}) C Ko{A)+ \ {0} and with k([1c]) = [1a], 
there exists a unital monomorphism (j) : C ^ A such that [</>] = k. It should be noted that both 
conditions that k([1c]) = [1a] and k{Kq{C) \{0}) C Ko{A) \{0} are necessary for the existence 
of such (j). One of the earliest such results (concerning monomorphisms from C(T^) into a unital 
simple AF-algebra) of this kind appeared in a paper of Elliott and Loring ([3] see also [2]). It was 
shown in [lOj that the same result holds for the case that C is a unital simple AH-algebra which 
has real rank zero, stable rank one and weakly unperforated Kq{C). Therefore, it is natural to 
expect that it holds for general unital AH-algebras. 

Let C be the unitization of /C, the algebra of compact operators on P. Then it does not have 
a faithful tracial state. Consequently, it can not be embedded into any unital UHF-algebra, or 
any unital simple C*-algebra which has at least one tracial state (It has been shown that a unital 
AH-algebra C can be embedded into a unital simple AF-algebra if and only if C admits a faithful 
tracial state -see [13]) . This example at least suggests that for general unital AH-algebras, the 
problem is slightly more complicated than the first thought. Moreover, we note that to provide 
the range of approximately unitary equivalence classes of unital monomorphisms from C, we 
also need to consider the map A : T{A) T{C). Let X be a compact metric space and let 
C = C{X). Suppose that h : C ^ A \s a, unital monomorphism and suppose that r G T{A). 
Then t o h induces a Borel probability measure on X. Suppose that k £ KL{C, A) is given. It 
is clear that not every measure /U can be induced by those h for which [h] = k. Thus, we should 
consider a compatible pair (k, 7) which gives a more complete information on iT-theory than 
either k or 7 alone. 

The main result of this paper is to show that if C is a unital AH-algebra, A is any unital simple 
C*-algebra with tracial rank zero, k E KL{C,A)^~^ (see 12.31 below) with k([1c]) = [1a] and 
A : T{A) Tf{C), where Tf{C) is the convex set of faithful tracial states, which is a continuous 
affine map and is compatible with k, there is indeed a unital monomorphism cp : C ^ A such 
that 

[(/)] = K in KL{C, A) and (/)t = A. 

We also show that the existence of A is essential to provide homomorphisms (p. In fact, 
we find out that there are compact metric spaces X, unital simple AF-algebras A and k G 
KL{C{X),A)++ with k([1c]) = [U]) for which there are no A : r(^) ^ Tf{C{X)) which is 
compatible with k. Moreover, we discovered that there are no homomorphism h : C ^ A (not 
just monomorphisms) such that [h] = k. This further demonstrates that tracial information is 
an integral part of i^T-theoretical information. 

2 Notation 

2.1. Let A be a unital C*-algebra. Denote by T{A) the tracial state space of A. Denote by 
AS{T{A)) the space of all real affine continuous functions on T{A). If r S T{A), we will also 
use r for the tracial state r (8) Tr on Mk{A) for all integer A: > 1, where Tr is the standard trace 
on Mfc. If a G As,a., denote by a a real affine function in Aff(T(^)) defined by a(r) = r(a) for 
aU r G T{A). 

Let C be another unital C*-algebra. Suppose that 7 : Aff(T(C)) AS{T{A)) is a positive 
linear map. We say it is unital if 7(1c)(t) = 1. We say it is strictly positive, if a G Aff (T(^))+ \ 
{0}, then 7(a) (r) > for all r G r(^). 

Suppose that (p : C ^ A is a unital homomorphism. Denote by hx ■ T{A) T{C) the affine 
continuous map induced by h, i.e., 

/it(t)(c) = t o /i(c) for ah c G C. 
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It also induces a positive linear map /ijj : Aff(T(C)) — > Aff(T(^)) defined by 

/ij(a)(r) = T o h{a) for all a G C^.a and r G T{A), 

where a(r) = T(a) for r G ^(A). 

If A : T{A) — > T(C) is an affine continuous map, then it gives a unital positive linear map 
A, : Aff(r(C)) ^ AS{T{A)) by 

Aj(/)(r) = /(A(t)) for all / G Aff(T(C7)) and for all r G T(^). 

Conversely, a unital positive linear map 7 : Aff(T(C)) AS{T{A)) gives an affine continuous 
map 7T : T{A) T{C) by 

/(7T(r)) = 7(/)(t) for all / G Afr(r(C)) and r G T(C7). 

Suppose that j4 is a unital simple C*-algebra. Then 7 is strictly positive if and only if 77^ 
maps T{A) into Tf{C). 

Denote by pA ■ ^o(^) Aff(T(yl)) the positive homomorphism induced by = 
r(p) for all projections p G Moo{A) and r G T(yl). 

Let j4 and C be two unital C*-algebras and let kq : -fColC") -K^o(^) be a unital positive 
homomorphism (ko([1c]) = [1a])- Suppose that A : T{A) T{C) is a continuous affine map. 
We say that A is compatible with kq, if t{k{[p])) = A(r)(p) for all projections p in Mac{A). 
Similarly, a unital positive linear map 7 : AfF(T((7)) AS{T{A)) is said to be compatible with 
kq, if 7(p)(t) = t{k,{[p]) for all projections p in Moo(C). 7 is compatible with kq if and only if 
7t is so. 

Two projections in A are equivalent if there exists a partial isometry w € A such that 
10*71) = p and tftf;* = q. 

2.2. Let j4 be a unital C*-algebra and let C be a separable C*-algebra which satisfies the 
universal coefficient theorem. By a result of Dadarlat and Loring ([I]), 

KL{C,A) = HomA{K{C),K{A)), (e2.1) 

where, for any C*-algebra B, 

K{B) = ®,=o^iK,{B) (B^=o,lK,{B, Z/nZ). 

n=2 

We will identify two objects in (je 2.ip . Denote by 

^F,fc(C) = Ki{B)^(B^=oAKi{B,Z/nZ). 

i=0,l n\k 

If Ki{C) is finitely generated (i = 0, 1), then there is /cq > 1 such that 

HomK{K{C),K{A)) ^ HomK{Fk,K{C), Fk,K{A)) 

(see P). 

Definition 2.3. Denote by KL{C,A)++ the set of those k G HomA{K{C), K{A)) such that 

K{Ko{C)+\m C Ko{A)\{Q]. 
Denote by KLe(C, the set of those k G KL{C,A)++ such that «;([lc]) = [1a]- 
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Definition 2.4. Let k G KLe{C, and let A : T{A) T{C) be a continuous affine map. We 

say that A is compatible with k if A is compatible with k\ko{c)- Let 7 : Aff(r(C)) — > Aff(T(j4)) 
be a positive linear map. We say 7 is compatible with k if 7 is compatible with h\ko{C)j i-^-j 
T o k{\p]) = 7(p)(r) for all projections p G Moo(C). 

2.5. Let C = C{X) for some compact metric space X. One has the following short exact 
sequence: 

^ kerpc Ko{C) C{X, Z) 0. 

It is then easy to see that, for every projection p £ M^{C), there is a projection q G C and an 
integer n such that PAdj*]) = ^Pa{[q])- It follows that if C is a unital AH-algebra, then for every 
projection p £ Moo(C), there is a projection q £ C and an integer n > 1 such that 

Pa{[p]) = npA{[q])- 

Note also that in this case Aff(r(C)) = Cs.a- Therefore, in this note, instead of considering 
a unital positive linear maps 7 : Aff(r(C)) — > AS{T{A)), we may consider unital positive 
linear maps 7 : Cg.a — *■ AS(T{A)). Moreover, 7 is compatible with some k G KL(C, A)'^'^ , if 
7(p)(t) = t{k{\p])) for all projections p £ C and r G T{A). 

2.6. Let (/>, "0 : C* ^ ^ be two maps between C*-algebras. Let e > and c C be a subset. 
We write 

4) on JF, 

if 

||(/>(c) - V(c)|| < e for all c G J^. 

2.7. Let L : C ^ A be a linear map. Let 5 > and ^ C C be a (finite) subset. We say L is 
(5-^-multiplicative if 

\\L{ah) - L{a)L{h)\\ <5 for ah a,b£g. 

Definition 2.8. Let A be a unital C*-algebra. Denote by U{A) the unitary group of A. Let 
B d Ahe another C*-algebra and (j) : B ^ Ahe a. map. We write = adu for some u G U{A) 
if (/>(6) = u*bu for all 6 G -B. 

Let (j),tp : C ^ Ahe. two maps. We say that cf) and are approximately unitarily equivalent 
if there exists a sequence of unitaries {un} C A such that 

lim adti„ o 0(c) = 'ip{c) for all c G C 

n^oo 

3 Approximate unitary equivalence 

We begin with the following theorem 

Theorem 3.1. (Theorem 3.6 of and see also Theorem 3.4 of pTlJ) Let C he a unital AH- 
algebra and let A be a unital simple C* -algebra with tracial rank zero. Suppose that : C ^ A 
are two unital monomorphisms. Then there exists a sequence of unitaries {un} C A such that 

lim adu„ o ^(c) = (/>(c) for all c £ C, 

n— >oo 

if and only if 

[(/>] = [V-] in KL{C, A) and t o <]) = t o ^ for all r G r(^). 
We need the following variation of results in jllj. 
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Theorem 3.2. Let C be a unital AH -algebra, let A be a unital simple C* -algebra with TR{A) = 

and let 7 : Cg.a. — > AS{T{A)) be a unital strictly positive linear map. 

For any e > and any finite subset C C, there exist rj > 0, 6 > 0, a finite subset G C C, 
a finite subset TC C Cs.a. and a finite subset V C K_{C) satisfying the following: 

Suppose that Li, L2 : C ^ A are two unital completely positive linear maps which are 5-Q- 
multiplicative such that 

= [L2]\v, (e3.2) 
\t o L,{g) - j{g){T)\ < r, for all gen, i = 1,2. (e3.3) 

Then there is a unitary u £ A such that 

adti o L2 ~e L2 on jr. (e3.4) 

Proof. Write C = U^^iCn, where Cn = PnMr(^n){C{Xn))Pn, where X is a compact subset of a 
finite CW complex and where Pn € M^(„)(C(X„)) is a projection. Let e > and a finite subset 
C C he fixed. Without loss of generality, we may assume that C Ci. Let 770 > such that 

\f{x)-f{x')\<e/8 for ah f e J', 

if dist(x,x') < rjQ. Let {xi, X2, Xm} C X be r/o/2-dense in X. Suppose that Oi H Oj = ^ if 

1 j, where 

Oj = {x G X : dist(x,a;j) < r/o/2s}, j = l,2,...,m 

for some integer s > 1. 

Choose non-zero element gj £ {Ci)s.a such that < gj < 1 whose support lies in Oj, 
j = 1,2, ...,m. Note such gj exists (by taking those in the center for example). Choose 

do = min{inf{7(5(j)(r) : r £ T{A)} : I < j < m}. 

Since 7 is strictly positive, fio > 0. Set a = min{(To/2, l/2s}. Then, by Corollary 4.8 of pTj, such 
5 > 0, r] > 0, G, Ti and V exists. 

□ 

Lemma 3.3. Let X be a compact metric space, let A be a unital simple C* -algebra with 
TR{A) = and let 7 : C{X)s.a. — *■ AS{T{A)) be a unital strictly positive linear map. 

Then, for any e > and any T C C{X\ there exists (5 > 0, a finite subset Q C C(X)s.(j., a 
set Si, S2, Sn of mutually disjoint clopen subsets with UjLj^S'j = X, satisfying the following: 

For any two unital homomorphisms 01,02 : C{X) pAp with finite dimensional range for 



some projection p £ A with t{1 — p) < 6 such that 

IMxsJ] = IMxsJ] KoiA), i = l,2,...,n, (e3.5) 

k ° 01(5) - 7(5')(^)l < ^ and (e3.6) 

\r o Ma) - li9)ir)\ < S (e3.7) 

for all g £ G and for all r £ T{A), there exist a unitary u £ U{pAp) .such that 

adu o (pi (1)2 on (e3.8) 



Proof. This follows from 13.21 immediately. There is a sequence of finite CW complex Xn such 
that C{X) = lim n—too(C{Xn),hn), where each h^ is a unital homomorphism. Fix e > and a 
finite subset !F C C{X). Without loss of generality, we may assume that T C hxi^K) for some 
integer K >1 and a finite subset J^k- 
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Given any finite subset V C K_(C{X)), one obtains a finite subset Qk C K_{C{Xk)) such that 
[hk\{Qk) = V for some A; > 1. Let pi,p2, •••,Pn be mutually orthogonal projections corresponding 
to the connected components of X^. To simplify notation, without loss of generality, we may 
assume that k = K. 

There are mutually disjoint clopen sets Si, S2, Sn of X with Uf^iSi = X such that hk{pi) = 
XSi, * = 1)2, ...,n. Since (p and ip are homomorphisms with finite dimensional range, if 

[Hxs,)] = mxs.)] in KoiA), 

then 

[c^ohk] = [iJohk] in KL{C{Xk),A). 
This, in particular, implies that 

mr = m\r- 

This above argument shows that the lemma follows from 13.21 

□ 

Definition 3.4. Let X he a compact metric space which is a compact subset of some finite CW 
complex Y. Then there exists a decreasing sequence of finite CW complexes Xn C Y such that 

X C Xn and lim dist(X„,X) = 0. 

n—foo 

Denote by Sm,n '■ C{Xm) C{Xn) (for n > m) and s„ : C{Xn) C{X) be the surjective 
homomorphisms induced by the inclusion Xn+i C Xn and X C Xn, respectively. 

Lemma 3.5. Let Y be a finite CW complex and X C Y be a compact subset. For any e > 0, 
any finite subset T C C(X), there exists a finite subset V C K_{C{X)), an integer k > 1 and an 
integer N > 1 satisfying the following: 

For any unital homomorphisms 4>, if) : C{Xm) A (m > k) for any unital simple C* -algebra 
with TR{A) = for which 

Mis = Mis in KL{C{Xm),A), 

where Q C K_{C{Xm)) is a finite subset such that [sm](Q) = V, then there exists a unitary 
U £ Mn+i{A) such that 

ad?7 o (0 e $ o s^) e $ o sm) on s:;^[j^), 

where $ : C{X) Mfq{A) is defined by 

^>(/) =diag(/(xi),/(x2),...,/(xiv)) for all f G C(Xi), (e3.9) 
where {xi,X2, ■■■,xn} is a finite subset of X. 

Proof. Assume that the lemma were false. Then there would be a positive number eo > 0, 
a finite subset !Fo C C{X), an increasing sequence of finite subsets {Vn} C K_{C{X)) with 
^nPn = K.{C{X)), a sequence of unital C*-algebras, two subsequences {R{n)}, {/c(n)} of N and 
two sequences monomorphisms (j)n,il^n '■ C{X^n)) ~^ An such that 

[M\q. = [V'nllsn in KK{C{Xk^n)),An) and (eS.lO) 
lim sup{inf{max{ IK (0n©«>nosn) (/))-«„ - © $n o Sn)(/)|| : / e s'^iT)}}} > eo, (e3.ll) 

n 

where infimum is taken among all possible : C{X) Mj^^n)i^n) with the form described 
above and among all possible unitaries {un} C U{M]^(^n)+i{A)), and where Qn C K_{C{Xf.(^n))) 
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is a finite subset such that [sk{n)]{Qn) = 'Pn- Since Ki{C{Xn) is finitely generated, by passing to 
a subsequence, if necessary, without loss of generality, we may assume (see also the end of I2.2p 
that 

[0n+l o Sfe(n),fc(n+1)] = [V'n+l o Sfc(„),fc(„+i)] VO. K L{C {Xj,(n)) , ^) , n=l,2,.... (e3.12) 

Let (Z)!""^ = (t)m, if n < m, (f)^^^ = (l)n°Sm,n, V'i"^ = V"™, if n < m and iplT^ = tpn°Sm,n, n = l,2, .... 
Denote by H^{^\h^^^ : C{X,(^^^) ^ Un^n by H['^\f) = and )(/) = {^1"^}. Let 

vr : Yl^ An Y\n ^nl 0^ be the quotient map. Then vr o //j™^ and vr o both have 

spectrum X. Moreover, for each z, all vr o gives the same homomorphism Fi : C(X) — > 

rin ^ri/ 0„ ^rt) i = 1,2. 

Since TR{An) = 0, A„ has real rank zero, stable rank one, weakly unperforated KQ{An), by 
Corollary 2.1 of [5] and (|em|) 

[-f^l""^^^ O •Sfc(m),fc(m+l)] = [^^2™^^^ ° •Sfc(m),fc(m+1)] -f'^-^^(C(-^fc(m) ) i ^n) 

It follows from Corollary 2.1 of [5] again that 

[Fi] = [F2] in i^L(C,[]^„/0^„). 

n n 

It then follows from Theorem 1.1 and the Remark 1.1 of [5j that there is an integer > 1 and 
a unitary W eU (M^+i(n„ ^n/ 0„ An)) such that 

adir o (F2 © Fo) f«,o/2 (Fi © Ho) on .^o, (e3.13) 

where Hq : C{X) ^ M^vdln 0„ ^n) is defined by Ho{f) = ^ti fi^^)E^ for ah / G C{X), 

Xi£ X and = diag(o7^, 1, 0, 0), z = 1, 2, N. 

There is a unitary {Wn} G ^(Hn^") such that vr({W„}) = W. Then, for some sufficiently 
large n, 

W:diag(0„(/), /(Xi), /(X2), f{xN))Wn «eo (V^nl/), /(xi), /(xs), /(x^)) (e 3.14) 
on JTq. This contradicts (|e 3. lip . 

□ 

Remark 3.6. There exists a positive number > and integer A^i > which depend only on e 
and JF such that {xi, X2, x^v} and an integer can be replaced by any r/-dense finite subset 
{6,6, •••^Cati} and integer Ni. 

From the proof, we also know that the assumption that A has tracial rank zero can be 
replaced by much weaker conditions (see Corollary 2.1 of [5j). The main difference of 13.51 and 
results in [5] is that homomorphisms (j) and ij: are not assumed to be from C{X) to A. 

4 Monomorphisms from C{X) 

Lemma 4.1. Let X he a finite CW complex and let A he a unital simple C* -algehra with real 
rank zero, stahle rank one and weakly unperforated Kq{A). Let ei,e2, •••,6^ G C{X) he mutually 
orthogonal projections corresponding to connected components of X. 

Suppose that k G K K {C (X) , A)~^^ with n{[lc{x)]) = [1^]- Then, for any projection p £ A 
and any unital homomorphism (po : C(X) — > (1 — p)A{l — p) with finite dimensional range such 
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that (podci]) < K([ej]), i = 1,2, ...,m. Then there exists a unital monomorphism (pi : C{X) pAp 
such that 

+ 0o] =K in KK{C{X),A). (e4.15) 

Proof. Since = [Ia] and A has stable rank one, there are mutually orthogonal 

projections pi,p2-, ■■■,Pm G A such that 

m 

Pi = Ia and [pi] = K{[ei]), i = l,2,...,m (e4.16) 

1=1 

From this it is clear that we may reduce the general case to the case that X is connected. 
So now we assume that X is connected. Then it is easy to see that 

K-[(l)o] £ KK{C{X),A)^+ 

and [k — [i?i>o])([lc(x)]) = V- It follows from Theorem 4.7 of [lOj that there is a monomorphism 
01 : C{X) pAp such that 

[4>]=K - [(f)o]. 

□ 

Lemma 4.2. Let X a compact metric space and let A be a unital simple C* -algebra with tracial 
rank zero. Suppose that 7 : C{X)s^a — *■ Aff(r(A)) is a unital strictly positive linear map. Let 
Si, S2, Sn be a set of mutually disjoint clopen subsets of X with U^^-^^Si = X. Then for any 
6 > and any finite subset Q C C{X)s.a, there exists a projection p £ A with p ^ 1a and a 
unital homomorphism h : C{X) pAp with finite dimensional range such that 

\t o h{g) - ^{g){T)\ < 5 for all g e Q and T eT{A), and (e4.17) 
roh{xsd < li^sjir) for all TGT{A), (e4.18) 

i = 1,2, ...,n. 
Proof. Put 

d = min{ 5, min{inf{7(xSi )(''") : t S T{A)} : 1 < i < n}}. 

Since 7 is strictly positive, d > 0. 

Let Go = GU{xsi 1 XS21 •••) XSn}- It follows from 4.3 of |12j that there is a unital homomorphism 
ho : C{X) A with finite dimensional range such that 

|r o h{g) - 7(5) (r) I < d/8n for all g £ Go (e4.19) 

and for all r G T{A). In particular, 

\t o h{xsj - l{xSi){r)\ < d/8n for all r G T{A) (e4.20) 

i = 1,2, ...,n. 

Since pa{Kq{A)) is dense in AS{T{A)), there exists a projection pQ £ A such that 

d/2n < r(po) < d/n for ah r G T{A). (e4.21) 
Note that r(po) < 7(xsJ(t) for all r G T{A), i = 1,2, ...,n. Moreover, by (!e4.2()|l . 

r o h{xs,) > li^sJir) - d/8n >d- d/8n > r(po). (e4.22) 
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for all r G T{A). 

Write ho{f) = f{xk)^k for all / G C{X), where Xfc G X and {ei, 62, e^} is a set of 

mutually orthogonal projections with X^fcLi Cfc = 1a- 
Note that 

Therefore (by (Ie4.22|) ) 

[po] < [ 5^ efc]. (e4.23) 
By Zhang's Riesz interpolation property (see [H] ), there are projections < such that 



By Zhang's half projection theorem (see Theorem 1.1 of [15]), for each k, there is a projection 

[e','] + [4']>K]. (e4.24) 



e'^' < e'^ such that 



Thus 



2[ J] e'fc'] > [po], i = l,2,...,n. (e4.25) 

Therefore (by (Ie4.21|) and (le4.2UM 

r{Y,{ek-el)) < r o ho{xsJ - {1/2)t{po) (e4.26) 

< roh{xsJ-d/An (e4.27) 

< 7(X5J(^) -rf/8n for all T G r(^). (e4.28) 

Let p = YlT=i(^k — e'k)- Then clearly that p ^ 1- Moreover, 

t{1-p) < d/A for ah r G r(^). 
Define h{f ) = ZT=i f{xk){ek - e'D for all / G C{X). Then 

m 

|To/i(/)-ro/io(/)| <r(^e'/) = r(l-p) <d/4<5 (e4.29) 

k=l 

for ah T G r(^). 
Then, by (|e4.28p . 

T o /i(X5j < 7(X5J(t) for ah r G T(^). (e4.30) 

□ 

Lemma 4.3. Lei X a compact metric space and let A he a unital simple C* -algebra with tracial 
rank zero. Suppose that 7 : C{X)s^a Aff(r(A)) is a unital strictly positive linear map. Let 
Si, S2, Sn be a set of mutually disjoint clopen subsets of X with U^^-^^Si = X. Then for any 
5 > 0, T] > 0, for any integer N and any rj-dense subset {xi, X2, iCAr} of X and any finite 
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subset Q C C{X)s.a-, there exists a projection p £ A with p ^ 1a and a unital homomorphism 
h : C{X) pAp with finite dimensional range such that 

\t o h{g) - -i{g){T)\ < 6 for all g e g and T eT{A), and (e4.31) 
TohixsJ < ^ixsMr) for all TGT{A), (e4.32) 

i = 1,2, ...,n, 

AT 

Hf) = 5^/(x.)ei © hiif) for all f G C{X), (e4.33) 
1=1 

where h : C{X) ^ (1 - E •=! e^)^(l - El 

Ci) is a unital homomorphism with finite dimen- 
sional range and {ei, 62, e^} is a set of mutually orthogonal projections such that [ci] = [ei] > 
[l-p],i = l,2,...,N. 

Proof. Let > 1 and let r/-dense subset {xi,X2, ...,xn} of X be given. Let 7]o > such that 

\f{x) - f{x')\ < 6/4 for all f eG, (e4.34) 

provided that dist(a;,a;') < r]Q. 

Choose r]Q > rji > such that i?(xj,r/i) intersects with one and only one Si among 
{Si, S2, Sn}- 

Choose, for each i, a non-zero function /j E C'(X) with < / < 1 whose support is in 
5 (xi, 771/2). Put 

do = min{inf{7(/,)(r) : r G T{A)} :l<i<N}. 

So do > 0. Put 61 = min{5/8,(5o/4} and put = ^ U {lc(x)} U {/i : i = l,2,...,iV}. 

Now applying 14.21 We obtain a projection p £ A and a unital homomorphism ho ■ C{X) 
pAp such that 

\t ° ho{g) — ^{g){T)\ < 5i for all g £ Gi and (e4.35) 
TohoUsJ < lixsji-r) (e4.36) 

for aU T G T(^), i = 1,2,..., n. Since lc(x) e ^1, by (|e 4.351) . 

t(1 -p) <Si< 60/ A for all r G T{A). (e4.37) 

Write /io(/) = ^^=1 f (^j)lj f ^ C{X), where G X and {gi, (72, 9l} is a set of 

bually o 
Define 



mutually orthogonal projections with E^=i Qj — P 



i= Yl ^i' i = h2,...,N. 



It follows from (Ie4.35p that, for each i. 



r(eO > Tohoifi) (e4.38) 
> l{f^){r) -Si> 36o/4 > t{p) (e4.39) 



for all T G r(^). It follows that 

[e^] > [p], i = l,2,...,N. 
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There are projections Cj < e[ such that 

N = [ei] > i = l,2,...,iV. (e4.40) 

Define 

N 

hiU) = E + a'^d (e4.41) 

AT 

h{f) = ^/(xi)e,©/ii(/) (e4.42) 

i=l 

for all / G C(X). Since B{xj,rji/2) lies in one of Si, 

T ° KXS,) = ro hoixs,) for all r e r(A), 
i = 1, 2, n. It follows from (je 4.36P that (je4.32p holds. By the choice of r/o, we also have 

11^0(5) - ^(5)11 < V2 for all /i G (e4.43) 
Thus, by (Ie4.35|) . (|e4.31|) also holds. 

□ 

Lemma 4.4. Lei X he a compact metric space and let A he a unital simple C* -algebra with 
tracial rank zero. Suppose that 7 : C{X)s.a P\S[T{A)) is a unital strictly positive linear map 
which is compatible with a strictly positive homomorphism kq : Kq(C{X)) Kq{A). Fix 6 > 0, 
r] > 0, a finite subset T C C(X)s.a., an integer N > 1, an rj-dense subset {xi, X2, ...,xn} of X, a 
finitely many mutually disjoint clopen subset Si, S2, Sn C X with U^^^Si = X, a finite subset 
set {ai, 02, a„} C A of mutually orthogonal projections with 

< ai < Ko{[xsJ]), i = l,2,...,n, 

a finitely many mutually disjoint clopen subsets {Fi, F2, Fn-^^} of X with U"^-^Fj = X, and a 
projection p with t{p) = t{Y^1^-^ Oj) for all r € T(A). 

There is a projection q £ A such that [p] < [q] and a unital homomorphism h : C{X) — > qAq 
with finite dimensional range such that 

\t o h{g) - 'y{g){T)\ < 5 for all g € T and t € T{A), and (e4.44) 

rohixF^ < jixF^r) for all T £TiA), (e4.45) 

i = 1,2, ...,n, 

N 

h{f) = Y.f{xi)ei®hi{f) for all feC{X), (e4.46) 

i=l 

where hi : C(X) ^ (1 - 6^)^(1 - E-I 

Ci) is a unital homomorphism with finite dimen- 
sional range and {ei, 62, cat} is a set of mutually orthogonal projections such that [cj] = [ei] > 
[1-p], i = l,2,...,iV. 

Moreover, there exists a projection p' ^ q such that 

p'h{f) = h{f)p' for all f eC{X) and (e4.47) 
[Hxs,)p] = [aj], j = l,2,...,n. (e4.48) 
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Proof. Let 

do = mm{inf{r(Ko([xs,)]) - M) : r € T{A)} : 1 < i < n} 

and let 

di =inf{r(l -p) : r G T{A)}. 

Then do,di > 0. Define Si = min{5/4, do /2, di/2} and = U {lc(x)) X5i) ^ = 1, 2, n}. By 
applying 14.31 we obtain a projection q €z A and a unital homomorphism /i : C(X) qAq with 
finite dimensional range satisfying the following: 

\t o h{g) - ^{g){T)\ < Si for ah g £ Gi, (e4.49) 
rohixF,) < i{xf,){t) (e4.50) 

for all r G r(A), j = 1,2,..., ni, 

N 

h{f) = Y,f\^k)e^®hl{f) for ah f £ C{X), (e4.51) 
fc=i 

where {ei, 62, ctv} is a set of mutually orthogonal and mutually equivalent projections such 
that [ei] > [1— (?], and where hi : C{X) —>■ (9— Z^^Li ^k)A{Q—J2k=i ^k) is a unital homomorphism 
with finite dimensional range. 

Since ^c(x) S ^1, by the choice of 61, we conclude that [p] < [q]. 

Moreover, by (|e4.49p . 

T o h{xsi) > T{ai) for ah TeT{A), i = \,2,...,n. (e4.52) 

Write 

L 

h{f) = Y,fi^s)Es for all feC{X), 

s=l 

where ^ X and {Ei, E2, El} is a set of mutually orthogonal projections such that X^^L^ = 
q. By (|e 4.52p . one has 

^ Es>ai, i = l,2,...,n. (e4.53) 

For each i, by the Riesz Interpolation Property ([14j), there is a projection E'^ < Eg for which 
Xg G Si such that 

[E ^s] = k]- (e4.54) 

Put y = X;f=i Then 

= /i(/y for ah / G and (e4.55) 

[Kxsdv] = [ail i = \,2,...,n. (e4.56) 

□ 

Theorem 4.5. Zei X 6e a compact subset of a finite CW complex and let A he a unital simple 
C* -algebra with TR{A) = 0. Suppose that k G KLe{C{X), A)^^ and suppose that there exists 
a unital strictly positive linear map 7 : C{X)s.a AS(T(A)) which is compatible with k. Then 
there exists a unital monomorphism (p : C{X) A such that 

[(j)] = K in KL{C,A). 
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Proof. Suppose that X C Y, where y is a finite CW complex. Let Xn C Y he a decreasing 
sequence of finite CW complexes for which [3741 holds. Suppose that pn^i,Pn,2, ■■■,Pn,r{n) are 
mutually orthogonal projections of C(X„) which correspond to the connected components of 
Xn- It is clear that we may assume that each connected component of Xn contains at least one 
point of X. This implies that [s„] G K K {C (Xn) , C {X))++ . It follows that 

[sn] XK£ KK{C{Xn),A)++. (e4.57) 

Let {J-n} be an increasing sequence of finite subsets of C{X) whose union is dense in C{X). 
Let {r]n} be a decreasing sequence of positive numbers with limjj_>oo = 0, {Vn} be an in- 
creasing sequence of finite subsets of K_{C) whose union is K_{C), let {k{n)}, {N{n)} C N be 
two sequences of integers such that k{n),N{n) Z' oo, and {xn,i,X(^n,2, ■■■,Xn,N{n)} be ?7„-dense 
subsets of X which satisfy the requirements of 13.51 and 13.61 for corresponding e„ = 1/2"+-^ and 

By passing to a subsequence if necessary, we may assume that there is a finite subset J^^ 
C{Xf^(^n+i)) such that SA;(n+i)(-^n) = -^n and a finite subset Qfc(„) C K(C(Xi,f^„^)) such that 
['Sfc(n)](Qfc(n)) = "Pn, n = 1,2, .... We may assume that £ without loss of generality. 

Set Kn = [sk(n)] X Notc that Kn([lc(Xfe(„))]) = [1a]- 

Let 5n (in place of 6), Q'n C C{X)s.a ( in place of Q), Si^n, S2,n, Sm{n),n (in place of 
{Si, S2, }) be a set of disjoint clopen subsets of X with u'^'^^ Si = X required by 13.31 for en 
and J^n, n = 1,2, .... We may assume that lc{X) G ^n; n = 1,2, .... 

By taking a refinement of the clopen partition of X, we may assume that Sn{pn,i) is a finite 
sum of functions in {x5 „ '-1^3^ m(n)}, i = 1,2, r(n). 

Let Qn C C(Xfc(„))s.a. be a finite subsets for which Sfc(„)(^„) = Q'n, n = 1,2, .... 

By applying 14.31 we obtain a projection Pi ^ A and a unital homomorphism <I>'^ : C{X) 
PiAPi such that 

\t o ^[{g) - j{g){T)\ < 61/2 for all geg'i, (e4.58) 
^°^'i(xs,a) < lixs,.,){r) (e4.59) 

for all T G 7'(^), ^ = 1,2, m(l), and 

7V(1) 

•^U/) = E /(^i,^)^^ ® for all / G C(X), (e4.60) 

i=l 

where {e^^\e'i^\ ...,e^^^^-^^} is a set of mutually orthogonal and mutually equivalent projections 

with [ei] > [(1 - Pi)] and where $'0^1 : C{X) ^ (Pi - ^^'^ ef V((A - 4^) is a unital 

homomorphism with finite dimensional range. Note also, since lc(X) ^ G'l, t(1 — Pi) < Si/2 for 
ah r G T{A). 

It follows from 14. II that there is a unital monomorphism (/)']^ : C(Xfc(i)) ^ (1 — Pi)A(l — Pi) 
such that 

+ [d,; o si] = Ki in KK{C{X,(^i)),A). (e4.61) 

Define (/)i = 4>[ + ^[0 si. 

Suppose that, for 1 < m < n, there are unital homomorphisms (f)'^ : C{Xi^(^ni)) ^ (1 ~ 
Pm)^(l — Pm) and : C{X) P^APm and a unital (injective) homomorphism i;^^ = 

(t>'m + ^'m° Sk{m) SUch that 
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(1) there are mutually orthogonal and mutually equivalent projections ^ 
PmAPm for which [e^""^] > [1 - Pm], and 

N{m) 

<(/) = E ® (/) for all / G 

i=l 

where ^>m'* : C'(-'^) ^ (-fm — Z]il=^i"'* ej-™'*)A(Pm — Yli^=i^^ ^1™"*) is a unital homomorphism 
with finite dimensional range; 

(2) ro<l>'{xs^ J <j{xs^ J{t) for all r G T(^), j = 1, 2, m(m); 

(3) |r o <d;„(5) - 7(5)(r)| < 5^/2 for ah g G and for all r G T(^); 

(4) [P^+i] > [P„^] in KoiA) and t(1 - P^) < 6m/2 for all r G T{A); 

(5) there is a projection P^+i — ^m+i such that P'-^_^i^m+i = ^'m+iPm+i and 

[^m+i(xs,,,jP™+i] = [C(XS,,,J] in Ko{A),j = 1, 2, m(m); 

(6) </)J,^ is a unital monomorphism; 

(7) [0m] = + O Sk(m)] = Km] 

(8) there exists a unitary G A such that 

ad ?im O O «l/2™+l '/'m On S^(^^)(J^m), m = 1, 2, n - 1. 

It follows from 14.41 that there is a projection Pn+i G j4 and a unital homomorphism : 
C{X) Pn+iAPn+i satisfying the following: 

(1) there are mutually orthogonal and mutually equivalent projections e^^^^^ , 62"^^^ , ^^^'^^+1) ^ 
Pn+iAPn+i for which [eS"+')] > [1 - P„+i], and 

N{n+l) 

K+i{f)= E /(^n+M)ef+^^e<°|i(/) for an /GC(X) 
1=1 

where : ^ (P.+i - EfJ^'^ eS"+^ V(^'n+i - EfJr'^ ef^^^) is a unital 

homomorphism with finite dimensional range; 

(2) Toci>;^,(x5, „+J <7(xs,,„+i)(r) for ah r G T(^), j = 1, 2, .., m(n + 1); 

(3) |r o - 7(5) (t) I < 5n+i/2 for ah g G g^+i and for all r G T{A); 

(4) [Pn+i] > [Pn] in KoiA) and t(1 - P„+i) < (^„+i/2 for all r G r(A); 

(5) there is a projection P^+i < Pn+i such that P^_,_x*^n+i = ^'n+i^n+i and 

[^Ui(X5„jP;;+i] = [^;(X5„J] in Ko{A),j = 1, 2, m(n). 
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It follows from 14.11 that there is a unital monomorphism 
: C{Xk(n+i)) ^ (1 - Pn+i)A{l - Pn+i) such that 

= - Wn+l ° Sfc(n+1)] ^ i^i^ (C(Xfc(„+i) , A) (e4.62) 

Define (t)n+l = (p'n+l + ^'n+l ° Sfc(n+1)- 

Thus cj)'^^^, (/>^+i and </.„+i satisfy (1), (2), (3), (4), (5), (6) and (7). 

To complete the induction, define K+i ■ C(^) ^ ^n+i^^n+i by K+iif) = K+iK-,i{f)PUi 
for all / G C(X). By (3) and (4), 

for all g S Qn 

for all T G Note that, by (5), [-P^+i] = [Pn]- There is a unitary Wn G U{A) such that 

^nPn+l^n = -fn- 

Thus, by (5) and (3), and by applying 13.31 there exists a unitary Vn G U{PnAPn) such that 

ad7;n o adwn o ^'^^^^ k.^^ on (e4.63) 

Denote ^f^^^ = P;^_^i^>„+iP;^+i and "^n+i = adw„ Q ^'n+i- Let 0^+1 = adu;„ o e 
Now consider 0^ and o Sfc(„) By (7) and (je4.62p . we have 

Wn+l ° Sfc(n),fc(n+l)]|Qfe(„) = I Sfc{„) • 

It follows from (1) and 13.51 that there exists a unitary Vn S U{A) such that 

adVn O {4>'l^j^-^ O Sk(n)Mn+l) ®K° Sfc(n)) «€„ '/'n © ° On S'^^-^iTn)- (e4.64) 

Define = w„{vn + (1 - -Pn))K. Then, by (Ie4.63p and (|e 4.641) . 

adn„ o «2£„ (/'n on s~^^^{Tn)- (e4.65) 

Note 2en = l/2"+i. 

This concludes the induction. 

Define ijji = (pi and Tpn+i = adu„ o cpn+i, n = 1,2, .... Then, by (8) above, 

llV'n(c) - 1pn+l O Sfe(n),fe(n+l)(c)|| < 1/2"+^ for ah C E S^(^„)(J^n), (e4.66) 

n = l,2,.... 

Fix m and / G J^^, let g G Sfc(^„)(-^m) such that Sk(^rn){g) = /■ 

It follows that {ipn o Sm,n(5)}n>m is a Cauchy sequence by (|e4.66p . 

Note that if g' G ^'klm)^-^^) such that s^m){9) = Sk{ra){g')^ then, for any e > 0, there exists 
n > m such that 

(9) (5 )ll < e- 

Thus = lim„__>oo V'n o Sm,n{9) is well-defined. It is then easy to verify that h defines a 
unital homomorphism from C{X) into A. Since each (pn is injective, it is easy to check that h 
is also injective. 

If X G Qm, then by (7) above, 

[h] o [Skim)]{x) = KnO [sA:(m),fc(n)] (a^) = o [Sk{m)]ix)- 

Therefore 

[h] =K in KL{C,A). 
It is also easy to check from (3) and (4) that 

Toh{g)= 7(5) (r) for all g G C{X)s.a (e 4.67) 

and for ah r G T(^). 

□ 
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5 AH-algebras 



Lemma 5.1. Let X be a compact subset of a finite CW complex, let C = PMk{C{X))P, where 
P G Mk{C{X)) is a projection, and let A be a unital simple C* -algebra with tracial rank zero. 
Suppose that k E KLe{C, A)~^'^ and suppose thatj : Cs.a. AS{T{A)) is a unital positive linear 
map which is compatible with k. Then, for any e > and finite subset T C C(X), there is a 
unital monomorphism (/) : C ^ A such that 

[(p] = K and r o (j){f) = 7(/)(r) for all r G T{A). (e5.68) 

Proof. It is clear that the case that C = Mfc(C(X)) follows from 14 . 5l immediately. For the general 
case, there is an integer d > 1 and a projection p £ M(i{C) such that pMd{C)p = Mm{C{X)) 
for some integer m > 1. Thus the general case is reduced to the case that C = Mm{C{X)). 

□ 

Theorem 5.2. Let C be a unital AH-algebra and let A be a unital simple C* -algebra with 
TR{A) = 0. Suppose that k G KLe(C, ^)~^^. Suppose also that there is a unital strictly positive 
linear map 7 : Cs,a Aff(T(yl)) which is compatible with k. Then there is a monomorphism 
(f) : C ^ A such that 

[(p] = K in KL{C,A) and (e5.69) 
TO(j){c) = 7(c) (r) (e5.70) 

for all c G Cg.a. md t G T{A). 

Proof. We may write C = W^^iCn, where C„ = PnMk{C{X„))Pn, where Xn is a compact 
subset of a finite CW complex and Pn G M/c(C(X„)) is a projection. We may also assume that 
lc„ = Ic for all n. Denote hy in ■ Cn ^ C the embedding, n = 1, 2, .... 
Define 

Kn = no [in] and 7„ = 7 o 

n = 1,2, .... Since in is injective k„ G KLe{Cn, A)"*"^ and 7„ is unital strictly positive. It is also 
clear that 7^ is compatible with k„, since 7 is compatible with k. It follows from 15. II that there 
is a sequence of unital monomorphisms 0„ : C„ — > A such that 

[(pn] = Hu and r o (/)„(c) = 7n(c)(T) (e5.71) 

for all c G Cg.a. and r G T{A). 

Let {Tn\ be an increasing sequence of finite subsets of C whose union is dense in C. By 
passing to a subsequence, if necessary, without loss of generality, we may assume that J^n C Cn- 

It follows (from 2.3.13 of [9j, for example) that there is, for each n, a unital completely 
positive linear map L„ : C — > A such that 

Ln ~i/2"+i 4>nOin on J^„. (e5.72) 

It follows from Lemma [5. 11 by passing to a subsequence again and by applying (|e 5.7ip . there 
is a sequence of unitaries ii„ and a subsequence of {k{n)} such that 

adn„ oLfc(„+i) ^1/2^ Lk(^n) on (e5.73) 

n = 1,2,.... Define ipi = Li, ipn+i = adn„ oL„+i, n = 1,2,.... Note that {ipn{c)} is a Cauchy 
sequence in A for each c G J'm,' Define /i(c) = limjj_+oo ipnic). It is easy to see that h gives a 
unital homomorphism from C into A. Moreover, for each x G U^^iJ^n, 

h{x)= Vim. a.(luno4>k(n)°^k(n)°---°^n{x). (e5.74) 
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Since each cpn is injective, it follows that h is a monomorphism. From (je 5.74p and (|e 5.7ip . we 
have 

[h] = K as well as r o /i(c) = 7(c) (r) 
for all c G C^.a. and r G r(74). 

□ 

Corollary 5.3. Let X be a compact metric space and let A be a unital simple C* -algebra 
with tracial rank zero. Suppose that k € KLe(C(X), Suppose also that there is a unital 

strictly positive linear map 7 : Cg^a A^i[T{A)) which is compatible with k. Then there is a 
monomorphism a : C ^ A such that 

[a] = K in KL{C{X),A) and (e5.75) 
T o (j){c) = 7(c)(r) (e5.76) 

for all c £ C{X)s.a. and r G T{A). 

Example 5.4. Let X = : n G N} U [0, 1] U {1 + ^ : n G N} C [-1, 2]. Put C = C(X). Then 

KoiCiX)) = C{X,Z). 

Take two sequences of positive rational numbers {a„} and such that X]5S=i = 1 — \/2/2 
and EZi = V2/2. 

Define a unital positive linear functional F : C{X) ^ M as follows: 

Hf) = E ««/(—) + E ^"/(-) all / ^ ^(^)- 

n&l neN 

Let I?o = i^(C(X, Z)). Note that, if S is a clopen subset which does not contain [0,1], then 
F{S) gQ. If 5d [0, 1], Then 

F{S) = 1 - F{Si) 

for some clopen subset Si C X which does not intersect with [0, 1]. It follows that Dq C Q. 

This gives a unital positive linear map : C(X, Z) Q. Let p G C{X) be a projection 
whose support has a non-empty intersection with [0, 1]. Since Q is clopen, 0, D [0, 1]. It follows 
that there is iV > 1 such that i G for > iV. It follows that 

p^p^ ^ E ^ > 0- 

fc|>Af 

From this one sees that F^ is strictly positive. 
Let A be a unital simple AF-algebra with 

{Ko{A),Ko{A),[Ia]) = (Q,Q+,1). 
There is an element k G KL(C{X), A) such that 

l^lKoiCiX)) = F*- 

Thus k{Kq{C{X))^ \ {0}) C Kq{A)+ \ {0}. In other words, k G KLe{C,A)++. 
Suppose that 7 : Cs.a Aff(T(^)) = M is unital and positive such that 

7(j5)(r) = t{k{\p\)) 
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for all projections p £ C and r G T[A). Consider a positive continuous function / G C(X) 
with < / < 1 whose support S is an open subset of (0, 1). Consider projection Pnit) = if 
t ^ [-1/n, 1 + 1/n] n X and Pn{t) = 1 if i G [-1/n, 1 + 1/n] n X Then 

f <Pn, n = 1,2,.... 

It follows that, for all r G T{A), 

lU){r) < l{Pn){r) (e5.77) 
< 5^ (afc + ^ (e5.78) 

|fc|>n 

as \n\ — > oo. It follows that 

7(/)(t) = for all r G r(A). 

This shows that 7 is not strictly positive. 

In particular, there is no unital monomorphism ^ : C{X) — > A such that [(p] = k. 

How about homomorphisms? Suppose that there exists a unital homomorphism h : C{X) — >■ 
A such that [fi\ = k. Let / G C(X)+ be so that its support is contained in [0, 1]. Then, as shown 
above, r(/i(/)) = for r G T{A). Since A is simple, this implies that h{f) = 0. It is then easy 
to see that 

ker^ = {/GC(X):/U\(o,i)=0}. 

Thus C/ker /i = C{Y), where F = X \ (0, 1). Let ^ : C{Y) ^ ^ be the unital homomorphism 
induced by h. Then is a monomorphism. Let 

= {1 + 1/n : n G N} U {1} and Y2 = {-1/n : n G N} U {0}. 

Then Yi and Y2 are clopen subsets of Y. Let pi be the projection corresponding to Fj, i = 1,2. 
Then 

00 00 
ripi) >^hn = l- V2/2 and r(p2) > X] = 

n=l n=l 

for r G r(74). Since t(pi) + r(p2) = 1, it follows that 

r(pi) = 1 - V2/2 and t(p2) = ^2/2. 

This is impossible since Kq^A) = Q. 

Prom this we arrive at the following conclusion: 

Proposition 5.5. There are compact metric spaces X with dimension one, unital simple AF- 
algebras A with unique tracial states and k G KL(,{C,A)'^'^ which has no strictly positive affine 
map from Aff (T(C(X)) to AS{T{A)) compatible with k. 

Furthermore, there is no unital homomorphism (p : C{X) — > A such that [(j)] = k in 
KL{C, A). 

Definition 5.6. Let (7 be a unital AH-algebra which admits a faithful tracial state and let A 
be a unital simple C*-algebra with T{A) / 0. 

Denote by KLT{C, A)++ the set of pairs (k. A) where k G KL{C, A)++ with k([1c]) = [1^] 
and A : T{A) — > 7f (C) which is compatible with k, i.e., A(r)(p) = t(/«([p]) for all projections 
p G Moo(C) and for ah r G T{A). 

Denote by Moji^^{C, A) the set of approximately unitary equivalent classes of unital monomor- 
phisms from C into A. 
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To conclude this note, combing the previous result in ?? (see 13. ip and 15.21 we state the 
following: 

Theorem 5.7. Let C be a unital AH-algebra which admits a faithful tracial state and let A he 
a unital separable simple C* -algebra with TR{A) = 0. Then map 

A : Mon^„(C7, A) ^ KLT{C,A)++ 

defined by cj) ^ ([(/>], is bijective. 
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